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Abstract
A well-known result due to H. Corson states that, for any covering τ by closed bounded convex subsets of any Banach space X
containing an infinite-dimensional reflexive subspace, there exists a compact subset C of X that meets infinitely many members
of τ . We strengthen this result proving that, even under the weaker assumption that X contains an infinite-dimensional separable
dual space, an (algebraically) finite-dimensional compact set C with that property can always be found.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
A family τ = {Fj }j∈J (J a set of indices) of subsets of a metric space X is called a covering of X if X =⋃j∈J Fj ;
a covering τ of X is said locally finite if each point in X has a neighborhood that meets only finitely many members
of τ . It is a well-known result by A.H. Stone that any open covering (i.e. covering by open subsets) τ of a metric
space X admits a locally finite refinement (i.e. there exists a locally finite covering σ of X each member of which
is a subset of some member of τ ). So it is very natural to ask whether such a locally finite refinement always can be
produced as a subset of a prescribed base for the topology of X. The answer in the negative for the general setting of
metric spaces was first produced in [2] and [1], by showing that the space of irrational numbers (the metric being the
usual one) has a base no subset of which provides a locally finite covering. Even if we confine ourselves to the special
setting of Banach spaces the answer is negative, because of the following famous theorem by H.H. Corson (see [3]),
that may sound quite surprising, since it deals with very general objects.
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bounded convex sets is not locally finite.
Recently this result has been improved by the authors by weakening the assumptions both on the space X and on
the shape of the members of τ . In fact in [6] we prove that
If X is not c0-saturated (i.e. some infinite-dimensional closed subspace of X contains no isomorphic copy of c0),
then any covering of X by bounded w-closed sets is not locally finite.
In this paper we are interested in coverings of infinite-dimensional Banach spaces each member of which is a
closed convex bounded (CCB in the sequel) set. In fact, we are looking for conditions on the Banach space X under
which, for any covering τ of X by CCB sets, the following is true
(FC) There is a finite-dimensional compact subset of X which meets infinitely many members of τ .
Here and in what follows the term “finite-dimensional” must be intended in pure algebraic sense.
It is worthwhile to notice that, for any covering τ of a X, the property
(C) There is a compact subset of X which meets infinitely many members of τ
means exactly that τ is not locally finite.
In the same spirit, property (FC) can be stated in the following way:
τ is not finitely locally finite.
Even in case the members of τ are CCB sets, in general (C) turns out to be strictly weaker than (FC) as Example 2.1
will show.
At the end of his paper [3], Corson added a remark claiming that his proof should guarantee that coverings τ there
enjoy also (FC). However, his proof does not give this claimed result. One of the reasons is that his proof does not
refer to the original members of τ , but to suitable enlargements of them. However, Corson’s claim turns out to be true,
even in a more general setting. In this paper we prove Corson’s claim under the weaker assumption “X contains a
separable infinite-dimensional dual space.” Essentially our main result sounds as follows
If a Banach space X contains an infinite-dimensional separable dual space, then any covering τ of X by CCB sets
enjoys (FC).
Note that any separable infinite-dimensional Banach space isomorphic to a dual space contains an infinite-
dimensional subspace isometric to a dual space (see [4]). Hence our assumption on the space X is actually equivalent
to X containing a separable infinite-dimensional subspace isomorphic to a dual space.
Besides the present introduction, the paper consists of five sections. The next one is a preliminary one: there we
provide a suitable example and we show that, for all our purposes, we can confine ourselves to consider countable
coverings of separable spaces. Section 3 is essentially devoted to find a suitable subspace to deal with, and this is the
first crucial step of our proof; this section may have an independent interest. In Sections 4 and 5 we deal with finite-
dimensional cubes: in both these sections our approach is inspired by Corson’s elegant idea, however some essential
improvements have been done with respect to [3]. Finally, Section 6 collects all the previous steps in order to get our
main result.
Through the paper we consider only real Banach spaces and use standard Banach Space Geometry notation as
in [7]. In particular, BX and SX respectively stand for the closed unit ball and the unit sphere of X. Moreover, as
usual, clA, intA, intY A, ∂A, [A] and ˚A denote respectively the closure, the interior, the topological interior relative
to the subspace Y , the boundary, the closed linear span and the polar of the subset A of X (without any specification,
we refer to the norm topology). For a point x ∈ X and a subset A of X, we write in short [x,A] in place of [{x} ∪A].
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should be clear from the context which meaning we are referring to). Finally, denote by
d(A,B) = inf{‖x − y‖: x ∈ A, y ∈ B}, A,B ⊂ X,
the distance between the subsets A and B of X. For A = {x} a singleton, we write in short d(x,B) in place
of d({x},B).
Through this paper, by body we mean a set which is the closure of its nonempty interior.
2. Preliminaries
The following example shows that condition (FC) in Section 1 is really stronger than condition (C).
Example 2.1. Let {Fj }∞j=0 be the natural tiling of the space c0 by shifted balls, where F0 = Bc0 . It is known that this
tiling is locally finite (see [9] for more information). Let {ei}∞i=1 be the natural basis of l1. Put
γi =
{
x ∈ Bc0 : ei(x) = 1
}
, Ci = co
{
1
i
ei, γi
}
, i = 1,2, . . . ,
and consider the covering of c0 given by
{Fi}∞i=0 ∪ {Ci}∞i=1. (2.1)
Clearly, any neighborhood of the origin meets infinitely many members of the covering (2.1). Hence, such a covering
has property (C). Let us check that any finite-dimensional compact set meets only finitely many sets of our covering
(i.e. our covering does not have property (FC)). Let E ⊂ c0 be a finite-dimensional subspace of c0. It is not difficult
to see that the set σ = {i: γi ∩ E 	= ∅} is finite. Assume that for some index i we have Ci ∩ E 	= ∅. Pick x ∈ Ci ∩ E
and consider the ray L = {λx: λ 0}. Clearly, L ∩ γi 	= ∅, and L ⊂ E. Therefore σ1 = {i: Ci ∩ E 	= ∅} ⊂ σ , hence
the set σ1 is finite. Since any compact set meets just finitely many sets Fi ’s, our thesis follows.
The following fact will be essential in the paper.
Fact 2.2. Let τ be a covering of a Banach space X by CCB sets and assume that Y is a closed separable subspace
of X. Then either
(1) there is a countable subfamily τ1 of τ such that
⋃
F∈τ1(F ∩ Y) = Y and, for any F ∈ τ1, F ∩ Y is a body in Y ,
or
(2) there is a segment in Y which meets infinitely many members of τ .
Proof. Let τ = {Fj }j∈J . Assume that (2) does not hold: we claim that the family
τ1 =
{
Fj ∈ τc: intY (Fj ∩ Y) 	= ∅
}
covers Y and is countable. In fact, for any x ∈ Y put αx = {j ∈ J : x ∈ Fj }. Since (2) does not hold, αx is finite and
for any y ∈ Y , y 	= x, some more points other than x must lie in [x, y] ∩⋃j∈αx Fj . So the countable family of closed
sets
⋃
j∈αx
∞⋃
n=1
(
x + n((Fj ∩ Y)− x))
covers Y and a standard category argument shows that intY (Fj ∩ Y) 	= ∅ for some j ∈ αx .
Finally, assume that τ1 is not countable. Let {xk}∞k=1 be a countable dense subset of Y . Since intY (F ∩ Y) 	= ∅
for every F ∈ τ1, it follows that there is xk belonging to uncountably many sets F ’s in τ1, which contradicts our
assumption that (2) is not true. The proof is complete. 
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The goal of this section, that may have an independent interest, is to prove the following
Theorem 3.1. Let X be a separable dual Banach space and {Vn}∞n=1 be a covering of X by CCB bodies. Then there is
an infinite-dimensional subspace E ⊂ X that admits an equivalent dual norm such that, for any n, all nonempty sets
Vn ∩E are w∗-closed (in the w∗-topology on E as a dual space).
To prove Theorem 3.1 we need some auxiliary results. A proof of the following fact is standard and we omit it.
Fact 3.2. Assume that L ⊂ X is a subspace of X and e ∈ SX \ L. Let L1 = [e,L], and V be a bounded subset of X
such that d(L1,V ) > d . Then there is ε > 0 such that, for any u ∈ X with ‖e − u‖ < ε, we have d([u,L],V ) > d .
Assume that A ⊂ X and L ⊂ X is a subspace. We say that L is tangential to A if L∩A 	= ∅, but L∩ intA = ∅.
Lemma 3.3. Let {Vn}∞n=1 be a covering of a Banach space X by CCB bodies, and let L ⊂ X be a finite-dimensional
subspace which is not tangential to any Vn. Assume that e ∈ SX \ L. Then for any ε > 0 there is a vector v ∈ SX \ L
with ‖e − v‖ < ε such that the subspace [v,L] is not tangential to any Vn.
Proof. Let {γn}∞n=1 any sequence in (0,1) with γ =
∏
γn > 0. Put L1 = [e,L] and suppose that
n1 = min{i: L1 is tangential to Vi}
exists (otherwise we are done). Put
σ1 = {i  n1 − 1: L1 ∩ Vi = ∅}, ν1 = {i  n1 − 1: L1 ∩ intVi 	= ∅},
α1i = d(L1,Vi), i ∈ σ1, β1i = sup
{
d(x, ∂Vi): x ∈ L1 ∩ intVi
}
, i ∈ ν1.
Let x ∈ L1 ∩ Vn1 . From L ∩ Vn1 = ∅ it follows that x = y + ae for some y ∈ L and a 	= 0. Since Vn1 is a CCB body,
it easily follows that there are w ∈ SX and ε0 > 0 such that x + tw ∈ intVn1 for any t ∈ (0, ε0).
Put v1 = e + tw and L2 = [v1,L]. Clearly, x + atw = y + ae + atw = y + a(e + tw) = y + av1. So, if we take t
in such a way that at ∈ (0,min{ε0, ε/2}), then
‖e − v1‖ < ε/2
and
x + atw ∈ L2 ∩ intVn1 .
Next from Fact 3.2 for |t | small enough we easily get
d(L2,Vi) > γ1α
1
i , i ∈ σ1, sup
{
d(x, ∂Vi): x ∈ L2 ∩ intVi
}
> γ1β
1
i , i ∈ ν1.
Put
n2 = min{i: L2 is tangential to Vi}, σ2 = {i  n2 − 1: L2 ∩ Vi = ∅},
ν2 = {i  n2 − 1: L2 ∩ intVi 	= ∅}, α2i = d(L2,Vi), i ∈ σ2,
β2i = sup
{
d(x, ∂Vi): x ∈ L2 ∩ intVi
}
, i ∈ ν2
(clearly n2 > n1). By repeating the procedure above we construct a vector v2 ∈ X, ‖v1 − v2‖ < ε/22, such that the
subspace L3 = [v2,L] enjoys the properties:
L3 ∩ intVn2 	= ∅, d(L3,Vi) > γ1γ2α1i , i ∈ σ2,
sup
{
d(x, ∂Vi): x ∈ L3 ∩ intVi
}
> γ1γ2β
2
i , i ∈ ν2.
Proceeding in this way we construct a convergent sequence vn → v such that ‖e − v‖ < ε and [v,L] is not tangential
to any Vn. Clearly, we can easily get v ∈ SX too. The proof is complete. 
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ordered finite subsets of SX into the set Ω of all w∗-neighborhoods of the origin such that any sequence {fn} ⊂ SX ,
with fn+1 ∈ ψ(f, . . . , fn), is a boundedly complete basic sequence with basic constant 2.
Proof of Theorem 3.1. Without loss of generality we may assume that 0 /∈⋃ ∂Vn. Fix a sequence {εi}∞n=1 of positive
numbers, with 0 < εi < 1, such that α =∏(1 − εi) > 0.
We inductively construct the following sequences:
(a) A boundedly complete basic sequence {vi}∞i=1 ⊂ SX with basic constant at most 2.
(b) A subsequence {nk}∞k=1 of integers.
(c) A sequence of vectors {wk}, wk ∈ [{vi}ki=1] ∩ intVnk , k = 1,2, . . . , such that the following conditions are satisfied
for any k = 1,2, . . . :
(i) the subspace Ek = [{vi}ki=1] is not tangential to any Vn, n = 1,2, . . . ;
(ii) if i < nk , i 	= nl , l = 1, . . . , nk−1, then d(Ek,Vi) > (1 − εk)d(Ek−1,Vi) > 0;
(iii) if Wj = −wj + Vnj , j = 1, . . . , k, and
∑k
l=1 alvl ∈ Wj , j  k, then
∑k−1
l=1 alvl ∈ 11−εk−1 Wj .
First step. Take u1 ∈ SX . By applying Lemma 3.3 with respect to the trivial subspace L = {0} (we assumed
0 /∈⋃ ∂Vn), find v1 ∈ SX with ‖u1 − v1‖ < ε1 such that the subspace E1 = [v1] is not tangential to any Vn.
Let n1 = min{i: E1 ∩ intVi 	= ∅}. Pick w1 ∈ E1 ∩ intVn1 and put
W1 = −w1 + Vn1 .
Inductive step. Assume that we have already constructed {vi}ki=1, {ni}ki=1, and {wi}ki=1 satisfying (i)–(iii). Let us
construct vk+1, nk+1, and wk+1. Put
Wj = −wj + Vnj , Aj = sup
{‖x‖: x ∈ Wj}, Bj = sup{∥∥x∗∥∥: x∗ ∈ ˚Wj}.
Next, for any j = 1, . . . , k, find a finite subset {f ji }i∈σj ⊂ ∂ ˚Wj , such that
co
{
f
j
i
∣∣
Ek
}
i∈σj ⊃ (1 − εk/2) ˚Wj |Ek , j = 1, . . . , k. (3.1)
For any i, i < nk , i 	= nj , j = 1, . . . , k − 1, take hi ∈ SX∗ such that Kerhi ⊃ Ek and d(Kerhi,Vi) = d(Ek,Vi). Now
fix any map ψ as in Proposition 3.4 and choose
uk+1 ∈
k⋂
j=1
⋂
i∈σj
Kerf ji ∩
⋂
i<nk, i 	=nj , j=1,...,k−1
Kerhi ∩ψ(v1, . . . , vk), ‖uk+1‖ = 1.
By using Lemma 3.3 and Fact 3.2, find vk+1 ∈ ψ(v1, . . . , vk)∩ SX with
‖uk+1 − vk+1‖ < εk+1
8
∑k
j=1 AjBj
,
such that Ek+1 = [{vi}k+1i=1 ] is not tangential to any Vn, and
d(Ek+1,Vi) > (1 − εk+1)d(Ek,Vi), i < nk, i 	= nj , j = 1, . . . , k − 1.
Finally, put
nk+1 = min{i > nk: Ek+1 ∩ intVi 	= ∅}
and pick wk+1 ∈ Ek+1 ∩ intVnk+1 .
Now we should check conditions (i)–(iii) with k+1 in place of k. Properties (i) and (ii) are clear from the construc-
tion. A proof of (iii) is standard, but we give it for the sake of completeness. Assume that∑k+1l=1 alvl ∈ Wj , j  k + 1.
Since the basic constant of {vi}k+1i=1 is at most 2 and
∑k+1
l=1 alvl ∈ Wj , it follows that |ak+1| < 4Aj . Next for any i ∈ σj
we have∣∣f ji (vk+1)∣∣ ∣∣f ji (uk+1)∣∣+ ∣∣f ji (vk+1 − uk+1)∣∣ Bj εk8∑k AjBj <
εk+1
8Aj
.j=1
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f
j
i
(
k∑
l=1
alvl
)
= f ji
(
k+1∑
l=1
alvl
)
− f ji (ak+1vk+1) 1 + 4Aj
εk
8Aj
= 1 + εk/2. (3.2)
From (3.1) and (3.2) it follows that
k∑
l=1
alvl ∈ 1 + εk/21 − εk/2Wj ⊂
1
1 − εk Wj ,
that proves (iii).
Put E = [{vi}∞i=1], and note that {i: E ∩ Vi 	= ∅} = {nk}∞k=1. Indeed, fix i /∈ {nk}∞k=1, and find l with nl−1 < i < nl .
Take any k > l and, by iterating (ii), get
d(Ek,Vi) > (1 − εk)d(Ek−1,Vi) > (1 − εk)(1 − εk−1)d(Ek−2,Vi) > · · ·
>
k−l−1∏
s=0
(1 − εk−s)d(El,Vi) > αd(El,Vi).
Now, by pushing k to infinity, get d(E,Vi) αd(El,Vi) > 0. On the other hand, it is clear from the construction
that for any k we have Ek ∩ Vnk 	= ∅.
Introduce the partial sum operators Sn in E as follows:
Snx =
n∑
l=1
alvl, x =
∞∑
l=1
alvl ∈ E, n = 1,2, . . . .
Since {vl} is a boundedly complete basis of E, it easily follows that the equivalent norm
‖|x|‖ = sup{‖Snx‖: n = 1,2, . . .}, x ∈ E,
is a dual norm. Moreover, the w∗-convergence of bounded sequences is just the coordinate-wise convergence. Clearly,
the operators Sn are w∗-continuous.
Now prove that, for any j , the intersection E ∩ Vnj is w∗-closed. By iterating (iii), we easily get for any x =∑∞
l=1 alvl ∈ Wj and for any n j
Snx ∈
( ∞∏
q=n
(1 − εq)
)−1
Wj . (3.3)
Assume that xm =∑aml vl ∈ Vnj and w∗- limxm = x =∑alvl . Put γn = (∏∞q=n(1 − εq))−1, n = 1,2, . . . : clearly
γn → 1.
Since Snwj = wj , n  j , it follows that limm Sn(−wj + xm) = Sn(−wj + x). However (−wj + xm) ∈ Wj
and from (3.3) it follows that Sn(−wj + xm) ∈ γnWj . Hence for any n  j we have Sn(−wj + x) ∈ γnWj . Since
limn Sn(−wj + x) = −wj + x and limn γn = 1, it follows that −wj + x ∈ Wj , i.e. x ∈ wj +Wj = Vnj . The proof is
complete. 
Remark. The existence of the function ψ (guaranteed by Proposition 3.4) that we used in the proof is actually a
necessary and sufficient condition for a dual space being separable (see [5]). To prove Theorem 3.1, a weaker statement
is enough: the existence of a boundedly complete basic sequence in a separable dual space (see [8]). However, we
used function ψ in order to make the proof shorter.
4. Covering finite-dimensional cubes
Let {xi}si=1 ⊂ X, s ∈ N , be a linearly independent set in a Banach space X. Define the following sets:
I s =
{
x =
s∑
aixi : 0 ai  1
}
, I−1 = ∅, I 0 = {0},i=1
646 V.P. Fonf, C. Zanco / J. Math. Anal. Appl. 350 (2009) 640–650Ci =
{
x ∈ I s : ai = 0
}
, C′i =
{
x ∈ I s : ai = 1
}
.
If U is a covering of I s , i.e. I s =⋃U∈U U , put
Ui =
{
F ∈ U : clF ∩ I i 	= ∅, clF ∩ I i−1 = ∅}, i = 0,1, . . . , s.
Define two properties that a covering U of I s can enjoy.
(a) U =⋃si=0 Ui , and for any U ∈ Ui−1 we have clU ∩C′i = ∅, i = 1, . . . , s.
(b) If F ∈ Ui , then clF ∩Ci = ∅, i = 1, . . . , s.
For a subset A ⊂ X and ε > 0 define the ε-neighborhood of A as follows
Aε = A+ int εBX.
For a family A of subsets of X define Aε = {Aε: A ∈ A}. Assume that U is a finite covering of I s which satisfies
conditions (a) and (b). We claim that there is ε > 0 such that the family Uε satisfies (a) and (b). Indeed, it is enough
to put
ε1 = min
{
d
(
clF, I i−1
)
: F ∈ Ui , i = 1, . . . , s
}
, ε2 = min
{
d(clF,Ci): F ∈ Ui , i = 1, . . . , s
}
,
ε3 = min
{
d
(
clF,C′i
)
: F ∈ Ui−1, i = 1, . . . , s
}
, ε = min{ε1, ε2, ε3}. (4.1)
The following lemma holds.
Lemma 4.1. Let U be a finite covering of I s by closed sets. Assume that U has properties (a) and (b). Then there are
a point z =∑si=1 zixi = (z1, . . . , zs) ∈ I s and sets Fi ∈ Ui , i = 0,1, . . . , s, with z ∈⋂si=0 Fi .
Proof. If ε > 0 is defined by (4.1), then the covering Uε of I s enjoys properties (a) and (b). Notice that (Ui )ε = (Uε)i ,
i = 1, . . . , s. Recall that any covering of I s which we consider is a covering by subsets of I s and, in particular, Uε =
{Fε ∩ I s; F ∈ U}. Fix a sequence {εn} in (0, ε) and first prove that, for any n, there are a point zn =∑si=1 zni xi ∈ I s
and sets Tin ∈ Uεni , i = 0,1, . . . , s, with
zn ∈
s⋂
i=0
clTin.
Then we use the following argument. Since |Uεni | = |Ui | < ∞, i = 0,1, . . . , s, n = 1,2, . . . , it follows that there are
sets Fi ⊂ Ui , i = 0,1, . . . , s, and a subsequence {znk } of {zn} such that for any k we have
znk ∈
s⋂
i=0
clFεnki .
Without loss of generality we may assume that znk → z =∑si=1 zixi ∈ I s . Since d(znk ,Fi)  εnk , k = 1,2, . . . ,
i = 0,1, . . . , s, it follows that
z ∈ Fi, i = 0,1, . . . , s
(recall that the sets Fi ’s are closed) and we are done.
Therefore it is enough to prove that, for any open covering U of I s with properties (a) and (b), there are a point
z =∑si=1 zixi ∈ I s and sets Gi ∈ Ui , i = 0, . . . , s, with
z ∈
s⋂
i=0
clGi.
We will consider I s as a subset of the normed space ls∞. For i = 1,2, . . . , s define the mapping fi : I s → I s as follows.
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coordinate. The ith coordinate of fi(x) is
ai + d
(
x, ∂
(⋃Ui−1)) if x ∈⋃Ui−1,
ai − min
{
ai, d
(
x, ∂
(⋃Ui−1))} if x /∈⋃Ui−1,
where
⋃Ui−1 stands for ⋃F∈Ui−1 F .
It is not difficult to check that each fi is a continuous map. We check that fi(x) ∈ I s for any x = (a1, . . . , as) ∈ I s .
This fact is clear for x /∈ ⋃Ui−1, so assume that x ∈ ⋃Ui−1. Because of the second part of (a), the point y =∑i−1
j=1 ajxj + xi +
∑s
j=i+1 ajxj does not belong to
⋃Ui−1, hence there is a point z ∈ ∂(⋃Ui−1) which belongs to
the segment [x, y]. Thus d(x, ∂(⋃Ui−1)) 1 − ai , hence fi(x) ∈ I s .
Next define the map ψ : I s → I s as follows
ψ = fs ◦ fs−1 ◦ · · · ◦ f1.
By the Brouwer fixed point theorem, the map ψ has a fixed point, i.e. there is z ∈ I s , z = (z1, . . . , zs) with ψ(z) = z.
Clearly, fi(z) = z, i = 1, . . . , s. Moreover the following facts hold:
(+) z /∈⋃Ui−1, i = 1, . . . , s;
(++) min{zi, d(z, ∂(⋃Ui−1))} = 0, i = 1, . . . , s, i.e. for any i = 1, . . . , s, either zi = 0 or z ∈ ∂(⋃Ui−1).
Assume that zi = 0 for some i = 1, . . . , s − 1. Then z ∈ Ci and since, by (b), clU ∩ Ci = ∅ for each U ∈ Ui , it
follows that z /∈ ∂(⋃Ui ). Hence zi+1 = 0. Therefore
z =
p∑
i=1
zixi
for some p = 1, . . . , s and zi 	= 0, i = 1, . . . , p (note that the point z = (0, . . . ,0) belongs to⋃U0, hence, by (+), it is
not a fixed point for f1). If p < s, then z ∈ Ip , hence there are i  p and U ∈ Ui such that z ∈ U , that contradicts (+).
Thus for z =∑si=1 zixi it is true that zi 	= 0, i = 1, . . . , s: hence z ∈ ∂(⋃Ui ), i = 0,1, . . . , s − 1. Moreover z /∈⋃Ui ,
i = 1, . . . , s − 1. Therefore it follows from (a) that there exists Gs ∈ Us with z ∈ Gs . Hence there are sets Gi ∈ Ui ,
i = 0,1, . . . , s, with z ∈⋂ clGi . The proof of the lemma is complete. 
5. Constructing a sequence of cubes
As we already mentioned, we follow here the Corson’s approach, but we use a basic sequence (instead of a linearly
independent sequence) in order to get a stronger result (compare Corson’s theorem and Theorem 6.1 in the next
section). A proof of the following lemma is standard.
Lemma 5.1. Let X be a normed space. Then there is a map L(x1, . . . , xn) from the family of all finite ordered
subsets of X \ {0} into the family of all finite-codimensional subspaces of X such that any sequence {xn} ⊂ X with
xn+1 ∈ L(x1, . . . , xn) is a basic sequence with basic constant at most 2.
Lemma 5.2. Let τ be a covering of an infinite-dimensional normed space X by CCB sets. Assume that there are
an increasing sequence {En}∞n=0 of finite-dimensional subspaces of X, E0 = {0}, and a sequence {Rn}∞n=0 of real
numbers with limRn = ∞, such that∣∣{F ∈ τ : F ∩RnBEn 	= ∅}∣∣< ∞, n = 0,1,2, . . . . (5.1)
Then there is a basic sequence {xi}∞i=1 ⊂ X such that, for any s = 1,2, . . . , the covering
τs =
{
F ∩ I s : F ∈ τ, F ∩ I s 	= ∅}
of I s = {∑si=1 aixi : 0 ai  1, i = 1, . . . , s} satisfies (a) and (b) in Section 4.
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D0 = max{diamF : F ∈ U0} < ∞.
Let n0 be such that Rn0 >D0. Take x1 ∈ En0 with ‖x1‖ = Rn0 , and put
U1 =
{
F ∈ τ : F ∩ I 1 	= ∅, 0 /∈ F}.
By (5.1), U1 is finite and
U0 ∪ U1 =
{
F ∈ τ : F ∩ I 1 	= ∅}.
Put
τ1 = U0 ∪ U1.
Since 0 /∈ F , for any F ∈ U1 it follows that there are hF ∈ X∗ and αF > 0 with hF (F ) αF . Put
M1 =
⋂
F∈U1
KerhF .
It is clear that M1 ∩ ∪ U1 = ∅. Denote
D1 = max{diamF : F ∈ U0 ∪ U1}.
Let n1 be such that dimEn1 > codim(M1 ∩ L(x1)), where L is a map as in the statement of Lemma 5.1, and Rn1 >
4D1 + 4‖x1‖. Take x2 ∈ M1 ∩ L(x1) ∩ En1 with ‖x2‖ = 12Rn1 . Clearly, diam I 2  ‖x1‖ + ‖x2‖ < Rn1 , and hence
I 2 ⊂ Rn1BEn1 . Put
U2 =
{
F ∈ τ : F ∩ I 2 	= ∅, F ∩ I 1 = ∅}.
Again by (5.1), U2 is finite and
U0 ∪ U1 ∪ U2 =
{
F ∈ τ : F ∩ I 2 	= ∅}.
Put
τ2 = U0 ∪ U1 ∪ U2.
Since F ∩ I 1 = ∅, for any F ∈ U2 it follows that there are hF ∈ X∗ and αF > 0 with hF (F ) αF and hF (I 1) < αF .
Put
M2 =
⋂
F∈U2
KerhF ∩M1.
It is clear that (M2 + I 1)∩ ∪ U2 = ∅. Denote
D2 = max{diamF : F ∈ U0 ∪ U1 ∪ U2}.
Let n2 be such that dimEn2 > codim(M2 ∩ L(x1, x2)) and Rn2 > 4D2 + 4(‖x1‖ + ‖x2‖). Take x3 ∈ M2 ∩
L(x1, x2)∩En2 with ‖x3‖ = 12Rn2 . Clearly, diam I 3  ‖x1‖ + ‖x2‖ + ‖x3‖ <Rn2 , hence I 3 ⊂ Rn2BEn2 . Put
U3 =
{
F ∈ τ : F ∩ I 3 	= ∅, F ∩ I 2 = ∅}.
Again, U3 is finite and
3⋃
k=0
Uk =
{
F ∈ τ : F ∩ I 3 	= ∅}.
Put
τ3 =
3⋃
Uk.
k=0
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Put
M3 =
⋂
F∈U3
KerhF ∩M2.
It is clear that (M3 + I 2)∩ ∪ U3 = ∅. The further construction is clear.
From this construction and Lemma 5.1 it follows that {xi} is a basic sequence with basic constant at most 2.
We claim that the covering τs of I s satisfies (a) and (b) in Section 4 for each s. To check (a), we first note that
τs =⋃si=1 Ui . Next we show that, for any U ∈ Ui−1, we have clU ∩ C′i = ∅, i = 1, . . . , s. Assume to the contrary
that there is F ∈ Ui−1 with F ∩C′i 	= ∅. Let z =
∑i−1
j=1 ajxj + xi +
∑s
j=i+1 ajxj ∈ F . By definition of Ui−1, there is
y ∈ F ∩ I i−1. Since the basic constant of {xi} is at most 2, it follows that∥∥∥∥∥xi +
s∑
j=i+1
ajxj
∥∥∥∥∥ 12‖xi‖.
We have
Di−1  diamF  ‖z− y‖
∥∥∥∥∥xi +
s∑
j=i+1
ajxj
∥∥∥∥∥−
∥∥∥∥∥
i−1∑
j=1
ajxj − y
∥∥∥∥∥ 12‖xi‖ −
i−1∑
j=1
‖xj‖. (5.2)
However, from our construction it follows that
‖xi‖ > 2Di−1 + 2
i−1∑
j=1
‖xj‖,
contradicting (5.2).
To check (b), note that
Ci ⊂
(
Mi + I i−1
)
and, by our construction,(
Mi + I i−1
)∩ ∪ Ui = ∅.
The proof is complete. 
6. Main result
The following theorem generalizes in two directions what was claimed by Corson in [3]. First, we weaken the con-
dition “X contains an infinite-dimensional reflexive subspace” by the condition “X contains an infinite-dimensional
separable dual subspace.” Then we actually can say more about the existence of a finite-dimensional compact which
meets infinitely many members of the covering (see (i)–(ii) in Theorem 6.1 below). This can be done since we re-
ferred to a special basic sequence in Section 5 “Constructing a sequence of cubes” (instead of to a simply linearly
independent sequence as was done by Corson).
Theorem 6.1. Let X be a Banach space that contains an infinite-dimensional separable dual space Y and let τ be a
covering of X by closed convex bounded sets. Then either
(i) there is a point in Y that belongs to infinitely many sets from τ ,
or
(ii) there is a subspace Z of Y such that for any ε > 0 there are a finite-dimensional subspace E ⊂ Z and r  0 with
|F ∈ τ : rBE ∩ F 	= ∅| < ∞
and, for any x ∈ Z \E,∣∣F ∈ τ : (r + ε)B[x,E] ∩ F 	= ∅∣∣= ∞.
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Suppose (i) does not hold.
If there is some segment in Y that meets infinitely many members of τ , then clearly (ii) holds. If no such a segment
exists, by Fact 2.2 we may assume that X = Y is separable, the members of τ are bodies and the covering τ is
countable. By Theorem 3.1 there is a subspace Z ⊂ X with an equivalent dual norm such that {F ∈ τ : F ∩ Z 	= ∅}
consists of w∗-closed sets.
If (ii) is not true, then there is ε > 0 such that, for any E ⊂ Z with dimE < ∞ and for any r  0 with
|{F ∈ τ : rBE ∩ F 	= ∅}| < ∞, there is x ∈ Z \E such that |{F ∈ τ : (r + ε)B[x,E] ∩ F 	= ∅}| < ∞.
In this situation we easily construct an increasing sequence {En} of finite-dimensional subspaces of Z and a se-
quence {Rn} of numbers with limRn = ∞, such that |{F ∈ τ : RnBEn ∩F 	= ∅}| < ∞. Apply Lemma 5.2 and construct
a basic sequence {xi}∞i=1 ⊂ Z and a sequence of cubes I s such that the coverings τs = {F ∩ I s : F ∈ τ } =
⋃s
i=0 Ui ,
s = 1,2, . . . , satisfy conditions (a) and (b) in Section 4. Now apply Lemma 4.1 and, for s = 1,2, . . . , find sets Fis ∈ Ui ,
i = 0, . . . , s, with ⋂si=0 Fis 	= ∅. Since each family Ui is finite, a standard argument shows that there is a sequence
of sets Fi ∈ Ui , i = 0,1, . . . , such that for any s = 0,1, . . . we have ⋂si=0 Fi 	= ∅. Since each set Fi is w∗-compact,
it follows that
⋂∞
i=0 Fi 	= ∅, i.e. (i) holds, that contradicts our initial assumption. The proof of the theorem is com-
plete. 
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